Abstract: This paper investigates the distributed formation control problem for a group of mobile Euler-Lagrange agents to achieve global stabilization by using virtual tensegrity structures. Firstly, a systematic approach to design tensegrity frameworks is elaborately explained to confine the interaction relationships between agents, which allows us to obtain globally rigid frameworks. Then, based on virtual tensegrity frameworks, distributed control strategies are developed such that the mobile agents converge to the desired formation globally. The theoretical analysis is further validated through simulations.
Introduction
In recent years, distributed control of multi-agent systems has attracted a significant amount of research efforts due to its broad applications, such as search and rescue, area coverage and reconnaissance, and exploration in unknown environment [1] [2] [3] . Among various topics of coordinated control, one active research direction is the formation control problem, where the mobile agents are guided to a prescribed formation, likely then maneuvering as a cohesive whole.
Even though a wide range of issues have been studied, and hence several theoretical frameworks have been established to design control strategies, see, for example, [4] [5] establishing estimation strategy for Euler-Lagrange systems with partial states available, [6] [7] using matrix theory and graph theory, [8] based on gradient-descent control approach, graph rigidity theory [9] [10], networked small-gain theory [11] , sample-data for circle formation [12] , to name a few, it should be noted that the desired formation shape can only be guaranteed to be locally stable in most of the research. In particular, based on the graph rigidity approach, it is challenging to coordinate a group of mobile robots globally converging to the prescribed formation [13] .
Efforts have been made on the topic of global stability of distributed formation control. For instance, the global behavior of three agents maintaining triangular formations is discussed in [14] [15] , where distance based gradient-like control laws are proposed, respectively. To analyze global stability for autonomous robots, a differential geometric approach is addressed and applied to the triangular formation control [16] . The global asymptotic performance is achieved by adding an adaptive perturbation to any agent's movement direction in [17] . It is worth mentioning that the control strategies in these works are only valid in the case of three agents forming triangular formations, which requires all-toall interactions. Besides, the position estimation based formation control problem for single-integrators in the plane is studied in [18] . It has been shown that the global convergence can be realized if and only if the interaction graph has a spanning tree.
In contrast to previous work, we focus on dealing with the distributed formation stabilization problem for the configurations in general position 1 in the Euclidean space of any dimension. Motivated by the deployable and stable properties of tensegrity structure [20] , we propose to use such a virtual structure, a class of geometry structures from architectural engineering, to analyze the characteristics of global stability for a set of mobile agents modeled by Euler-Lagrange equations. In this paper, we firstly design a novel algorithm to compute the sparse stress matrix based on the given desired configuration, whose elements determine the members of the structure. Then, the virtual tensegrity structure will be constructed through the mapping between the agents (resp. edges) and the nodes (resp. inextendable cables and incompressible struts). Finally, under the interaction constrains, we propose distributed control strategies to steer the agents to prescribed formation globally up to translation.
The applications of tensegrity structure in formation control have gradually draw the researchers' attentions, see, e.g., [21] [22] [23] . However, most of the existing results are only applicable to the one-dimensional (collinear shape) [21] or planar formations [22] [23] . In addition, even though in [23] , the construction of virtual tensegrity structure has been taken into consideration, the proposed algorithm is highly likely to result in complete underlying graph, which is not practical in most of the applications.
The main contributions of this paper lie in a set of new methodologies to achieve global stability in distributed formation control using virtual tensegrity structures. More precisely, we propose a novel algorithm to assign the members among all the agents, such that universally (thus globally) rigid tensegrity structures can be obtained. The distinct point here is that we can guarantee the global property without requirement for complete graphs based on our algorithm. Further, we effectively apply the virtual tensegrity structures in the formation control for a group of nonlinear mobile agents, yielding global convergence to desired formation shapes up to translation.
Problem formulation
We consider a team of n > 1 fully actuated, heterogeneous mobile robots, each of which is modeled by a EulerLagrange system In addition, the left-hand side of the dynamics (1) can be linearly parameterized as:
is the known regressor and Θ i is a constant parameter vector but unknown.
The neighboring relationships between the robots are defined by an undirected graph G with the vertex set V = {1, 2, · · · , n} and the edge set E ⊆ V × V where there is an edge (i, j) if and only if robots i and j are neighbors of each other. We use N i to denote the set of neighbors of robot i. G is embedded in IR m when q = (q 1 , q 2 , · · · , q n ) is realized and the pair (G, q) is called a framework. Two frameworks (G, q) and (G, p) are said to be equivalent if the distance between q i and q j is always the same as that between p i and p j whenever (i, j) ∈ E. Now we formulate the formation stabilization problem as follows.
Given a desired configuration q * for the team of n fully actuated robots modeled by Euler-Lagrange agents (1), first assign neighbor relationships to the team, to be described by G, and then for each robot i = 1, . . . , n, design distributed control laws τ i (q i −q j ,q i −q j ), j ∈ N i , such that the robots' positions are driven to the target set
Obviously, to make the control less complicated and scalable with n, G is better to be sparse than dense. In order to solve the formation stabilization problem that have just been formulated, we will propose control laws by assigning a virtual tensegrity frameworks to the given formation. Towards this end, we first introduce the related notions and properties of tensegrity frameworks.
Tensegrity
In this section, we follow the convention in [20, 24] to present a brief overview of tensegrity frameworks. A tensegrity T(G) is obtained by embedding an undirected graph G in a Euclidean space and replacing each edge of G by an inextensible cables or incompressible struts, or inextensible and incompressible bars. Together all the cables, struts and bars are called the members of T and the embedded vertices of G are called the nodes of T. So the same graph G may lead to different tensegrity frameworks when G's edges are realized into different combinations of cables, struts and bars.
We use the labels in the vertex set V of G for the nodes of T. For each member (i, j) of T, we assign a scalar ω ij = ω ji , and use ω ∈ IR |E| , where |E| is the number of members of T, to denote the concatenated vector
Then ω is called a stress of T; if further, each ω ij satisfies ω ij ≥ 0 whenever (i, j) is a cable and ω ij ≤ 0 whenever (i, j) is a strut, then ω is said to be a proper stress.
For a given tensegrity T, when its nodes are embedded in different locations, it corresponds to different configurations q and consequently corresponds to different frameworks (G, q) with different geometric shapes. Let q * be the configuration that defines the desired shape. Then we call that ω an equilibrium stress of T if it is a solution to the equation set
Given ω, the associated stress matrix Ω is defined by letting
For a tensegrity T with the desired configuration q * , we are interested in its associated configurations p that satisfy the following tensegrity constraints
Such constraints can be naturally used to define the "rigidity" properties of T. We say that the tensegrity T whose shape is determined by the configuration q * is rigid if its any other configuration p is always congruent to q * whenever p is sufficiently close to q * and satisfies the tensegrity constraints (5); furthermore, if the congruent relationship between p and q * holds for all p ∈ IR m×n , then we say T is globally rigid; and even more strongly, if this congruent relationship still holds for all q living in any higher-dimensional spaces than IR m×n , we say T is universally rigid. There are several conditions to guarantee the rigidity of a tensegrity framework. We list one of them below. With the knowledge about tensegrity frameworks and their rigidity properties at hand, now we are ready to propose our solutions to the formation stabilization.
Formation stabilization
We first deal with the formation stabilization problem. To stabilize the shape of a formation of n mobile robots to a de-sired configuration q * , we propose to assign an appropriate virtual tensegrity structure to enforce a number of distance constraints between some pairs of robots; consequently corresponding to those constraints, the tensegrity structure determines which robots need to sense the relative positions of which other robots. The second is to design local control laws for each robot to use its sensed information to maintain the displacement constraints that they are involved.
Assignment of the virtual tensegrity structure
We take each robot to be a node of a virtual tensegrity whose cables in tension and struts in compression give rise to attractive and repulsive forces between the robots respectively. In this section, we are only interested in universally rigid tensegrity frameworks that have only cables and structs but no bars as their members. Since the row sums of Ω are all zero, 1 n always lives in null(Ω). One can further check that the columns of (q * ) T are in null(Ω) as well. In fact, the
Given q * , to assign a virtual tensegrity T to the robotic team is equivalent to use N to determine the matrix Ω since once Ω is determined, all the needed cables and structs together with their stresses are determined as well. Obviously, such Ω's are in general not unique and naturally we want to obtain sparse Ω which leads to fewer distance constraints and thus likely simpler controllers. Towards this end, we convert our problem into the sparse null space problem first considered in [26] , namely, given a m × n matrix A of rank r, (r ≤ m ≤ n), to find a sparse n × (n − r) matrix B such that B is full rank and its column span is null(A) [27] . We take the transpose of both sides of (6) , yielding
From Lemma 1, we need the sparse matrix Ω to be positive semi-definite and rank(Ω) = n − d − 1. However, since Ω in (7) is not full rank, we cannot directly solve the sparse null space problem. Instead, we try to construct a column full-rank matrix D ∈ IR n×(n−m−1) such that
If indeed such a D can be constructed, it must be true that (9) and hence the matrix DD T can serve as the stress matrix Ω. So the construction of a sparse matrix Ω is equivalent to the design of such a sparse D. In addition, we make an even stronger requirement that Ω is in its band form, whose non-zero entries are confined to be in a diagonal band containing the main diagonal. This additional requirement is motivated by the fact that it is more convenient in practice to have robots to track nearby robots. Now we present our algorithm to construct the stress matrix Ω, which is inspired by the classical "turning back" method for computing the sparse null space basis [28] .
Step 1: ConstructN ∈ IR (m+1)×n such that its first m + 1 columns are linearly independent. Since the configuration is in general position, the natural choice ofN is N T .
Step 2: Now we construct D by finding a sparse basis for null(N Naturally, we set all those elements of D that have not been recorded in the process to be zero, and for those that have been recorded as nonzero, we take them to be the solutions to the following equation
which is underdetermined since it is a set of |D i | − 1 linear equations with |D i | unknowns, where |D i | denotes the number of nonzeros in column D i . Hence, we can always find a set of nonzero elements of D and thus fully determine D. In addition, it is easy to check that the constructed D is always column full-rank.
Step 3: Compute the stress matrix based on Ω = DD T . It can be shown that Ω is positive semi-definite with rank being n − m − 1. With the stress matrix, it is straightforward to design the edge set and the corresponding members, namely, the edge (i, j) would be a cable if Ω ij < 0, a strut if Ω ij > 0, and no edge between agent i and j if Ω ij = 0. [29] . However, in general, it is difficult to yield a sparse stress matrix based on his method, which often leads to a complete graph. In this paper, we present an more efficient algorithm not only in determining the sparse stress matrix, also in solving the assignment problem of the virtual tensegrity structure. Proposition 1. Given a configuration q * ∈ IR m in general position, we can construct universally rigid virtual tensegrity structure T ∈ IR m , whose underlying graph is not complete.
Remark 1. The problem on how to compute the stress matrix is also considered in
Proof. Given configuration q * ∈ IR m , we can always find the matrixN such that the first d + 1 columns are linear independent. Then based on our algorithm, we can obtain the positive semi-definite matrix Ω of rank n − m − 1. Consider that the configuration is in general position, hence it can be concluded from Lemma 1 that the constructed tensegrity is universally rigid, thus globally rigid in IR m .
Design of the control law
In the proposed tensegrity structure, the edges are represented by the virtual springs of nonzero rest length. The spring constant for two connecting agents i and j is positive scalars satisfying k ij = k ji and the rest length l ij = −l ji . Accordingly, the force applied to agent i is given by
where r ij is the relative displacement between agent i and agent j, which is defined as
In order to coincide with the stress for cables (struts), we assign the rest length for cables (struts) to be β c ij (β s ij ) the prescribed displacement between the agents, namely,
where β c ij ∈ (0, 1), β s ij ∈ (1, +∞) are constants, and r * ij is the prescribed displacement between agent i and j, i.e., r * ij = q * j − q * i . E C and E S are used to represent the set of cables and struts, respectively. Correspondingly, the spring constant k ij is as follows
In the context of virtual springs, the potential energy P (q) caused by the disagreement between r ij and r * ij is defined as
It is worth mentioning that the virtual cables (struts) are in tension (in compression) at the equilibrium configuration q * ∈ IR m due to l ij = βr * ij . Therefore, the formation achieved based on the virtual tensegrity structure has the property of robustness.
We are now left with developing the local control laws driving the agents to formulate the desired formation. In what follows, we shall use M i and C i to replace M i (q i ) and
Define the auxiliary variable
where
In view of (1) and (16), one has
The distributed control input τ i is designed as
where k p is a positive scalar, andΘ i is the estimation of Θ i , which is updated according tȯ
where Γ i is an arbitrary positive definite matrix in compatible dimension. (1) , the agents can be driven to the prescribed formation globally using the control law (19) and (20) .
Theorem 1. For the networked Euler-Lagrange systems modeled by
Proof. We introduce the Lyapunov function candidate as
whereΘ i =Θ i − Θ i is the estimation error, thusΘ i =Θ i . Taking the time derivative of V , we havė
Hence, it can be concluded thatΘ (19) . We can also get M i (q i ) and C i (q i ,q i ) are bounded due to the fact that they are only decided by the states q i andq i . Thus, it is straightforward to know thatṡ i ∈ L ∞ from (18), which, together
It can be concluded from Barbalat's Lemma thaṫ V → 0, as t → ∞. Therefore, for each agent i,
In view of the definition of variable s i in (16), it follows
The equation (24b) can be grouped as
T and the "spring constant matrix"K ∈ IR n×n is defined in the same way as the standard Laplacian matrix, i.e.,
Then, it can be concluded directly from Lemma 2.10 of
n , which implies r ij = r * ij . Consider tthe framework (G, q * ) is globally rigid with well-designed stresses by Lemma 1. Hence, the agents globally converge to the target set T in (3), namely, the desired formation is achieved based on the proposed virtual tensegrity structure. 
Simulations
In this section, we will validate the theoretical results derived in the preceding sections. Consider a regular hexagon with configuration as follows The simulation results using the control law (19) and (20) based on the virtual tensegrity are shown in Fig. 2 . It can be seen from Fig. 3 and Fig. 4 that the agents finally evolve into the desired formation. All of these indicate the effectiveness of our proposed virtual tensegrity based formation control strategy.
Conclusion
In this paper, we have presented a geometry structure based distributed control for stabilizing a set of mobile agents in space of any dimension. Given the configuration in general position, the proposed algorithm can effectively assign a virtual tensegrity, such that it is universally rigid.
To steer the mobile agents to the target set globally, we have provided the distributed control laws, whose effectiveness are further demonstrated in the simulations.
